Abstract. The paper presents a new method of geometric solution of a Schrödinger equation by a construction of an equivalent first-order partial differential equation with a bigger number of variables. The equivalent equation shall be restricted to a specific subspace with auxiliary conditions which are obtained from a coherent state transform. The method is applied to the fundamental case of the harmonic oscillator and coherent state transform generated by the minimal nilpotent step three Lie group-the shear group (also known as quartic group in literature). We obtain a geometric solution for an arbitrary minimal uncertainty state used as a fiducial vector. In contrast, it is shown that the well-known Segal-Bargmann transform and the Heisenberg group require the specific fiducial vector to produce a geometric solution. A technical aspect considered in this paper is that the representation of the shear group is not square-integrable and a respective modification of a coherent state transform is required.
On leave from Odessa University.
Introduction
A transition from configuration space to the phase space in quantum mechanics is performed by the coherent states transform [10, 11, 15] . As a result the number of independent variables is doubled from R n to C n and an irreducible Fock-SegalBargmann space is characterised by the analyticity condition [48] . The dynamic of quantum harmonic oscillator in Fock-Segal-Bargmann space is given geometrically as one-parameter subgroup of symplectomorphisms. In this paper we describe a method generalising this construction of geometric solutions of the Schrödinger equation.
The technique is applied to obtain a novel picture of a harmonic oscillator dynamics associated to squeezed states. The harmonic oscillator is an archetypal example of exactly solvable classical and quantum systems with applications to many branches of physics. This is illustrated by the title of the paper [54] "The harmonic oscillator behind all aberrations", which starts from a quote:
Marcos Moshinsky was fond of saying that in theoretical physics one faced two kinds of problems: those that are hard to solve, and the harmonic oscillator; thus, the knack of research consisted in moving them from the first category to the second. However, not only the solution of harmonic oscillator has numerous uses, important methods with a wide applicability were initially tested on this fundamental case. The most efficient solution of the spectral problem through ladder operators were successfully expanded from the harmonic oscillator to hydrogen atom [44] with further generalisations in supersymmetric quantum mechanics [8] and pseudo-boson framework [1] .
The method of the ladder operators (a − , a + ) follows from the commutators:
( (x, y, s)(x , y , s ) = (x + x , y + y , s + s + xy ). (1.4) Notably, the proof of the Stone-von Neumann theorem [23, § 2.2.6] may be based on the properties of ladder operators (1.1) again.
Although the ladder operators technique gives the complete solution of the spectral problem for the harmonic oscillator, the explicit dynamic of an arbitrary observable is still not transparent. One needs to use Fock-Segal-Bargmann (FSB) representation of H [15, 1.6 ] to have a fully geometric dynamic:
(1.5) F (t; z) = e πiωt f e 2πiωt z , where f (z) = F (0; z) is an analytic function of a complex variable z = mωq + ip.
We show in Sect. 4 .1 that FSB model relays on the choice of φ, such that a − φ = 0, as the fiducial vector (mother wavelet) for the coherent states transform:
where ρ is a unitary irreducible representation of H and z = mωq +ip for (q, p, 0) ∈ H.
We can preserve the geometric dynamic similar to (1.5) for a wider choice of mother wavelets-any squeezed state [11, § 11.3 ; 17, Ch. 10; 43, § 4.3; 49, § 2.4-2.5]-if the Heisenberg group is extended to a certain nilpotent step three group A, see Sect. 2.1. This group was called quartic group in [4, 19, 33] due to relation to quartic anharmonic oscillator, yet the same paper [33] shows that A is also linked to the heat equation and charged particles in curved magnetic field. Thus, we prefer to call A the shear group because it includes shear transformations of the phase space. A fully descriptive name of A can be "the Heisenberg group extended by shear transformations".
Being the simplest nilpotent step three Lie group, A is a natural test ground for various constructions in representation theory [23, § 3.3] and harmonic analysis [6, 18] . On the other hand, the shear group is a subgroup of the semi-direct product H A SL 2 (R)-the three-dimensional Heisenberg group and the special linear group, where A is a symplectic automorphism of H, see Sect. 2.4. Such a semi-direct product arises, for instance, in connection with the symmetry algebra based approach of the solution of a class of parabolic differential equations: the heat equation and the Schrödinger equation [20, 38, 46, 53] . In particular, the harmonic oscillator has the same group of symmetries [39, 53] .
A significant difference between H and A is that the representations of A, which we induce in Sect. 2.2, are not square-integrable modulo its centre. Thus, the standard approach to coherent state transform from square-integrable group representations [3, Ch. 8] shall be replaced by treatments of non-admissible mother wavelets [24, 26, 27] , see also [13, 14] . This is discussed in Sect. 3.1. We also remark that the wavelet transform constructed in this section is closely related to FourierFresnel transform derived from the Heisenberg group representations in [40] .
The Fock-Segal-Bargmann space consists of analytic functions. We revise the representation theory background of this property in Sect. 3.2 and deduce corresponding description of the image space of coherent state transform on the shear group. Besides the analyticity-type condition, which relays on a suitable choice of the fiducial vector, we find an additional condition, refer to as structural condition, which is completely determined by the representation of A and holds for any coherent state transform. Intriguingly, the structural condition coincides with the Schrödinger equation of a free particle. Thereafter, the image space of the coherent state transform is obtained from FSB space through a solution of an initial value problem.
The new method is used to analyse the harmonic oscillator in Sect. 4. To warm up we consider the case of the Heisenberg group first in Sect. 4.1 and confirm that geometric dynamic (1.5) is the only possible for the fiducial vector φ such that a − φ = 0. Then the Sect. 4.2 reveals the gain from the larger group A: any minimal uncertainty state, that is squeezed state, can be used as a fiducial vector. This produces an abundance of non-equivalent coherent state transforms each delivering a geometric dynamic in terms of coordinate transformations (4.12). It turns out that there are natural physical bounds of how much squeeze can be applied for a particular state, see Sect. 4.3.
Finally we return to creation and annihilation operators in Sect. 5. Predictably, their action in terms of the shear group is still connected with Hermite polynomials familiar from the standard treatment eigenfunctions of the harmonic oscillator. This can be compared with ladder operators related to squeezed states in [2] .
Preliminaries on group representations
We briefly provide main results (with further references) required for our consideration. They are mainly known may be although scattered over a variety of disconnected sources.
2.1. The Heisenberg and the shear group A. Let a be the three-step nilpotent Lie algebra whose basic elements are {X 1 , X 2 , X 3 , X 4 } with the following nonvanishing commutators [9, 23] :
Clearly, the basic element corresponding to the centre of such a Lie algebra is X 4 . Elements X 1 , X 3 and X 4 are spanning the Heisenberg-Weyl algebra -the nilpotent step 2 Lie algebra of crucial importance in both mathematics and physics [15] . The corresponding Lie group is a three-step nilpotent which we denote by A and the group law is given by:
It is pointed out in [23, § 3.3] that expressions in canonical coordinates are simpler in comparison to more symmetric exponential coordinates. The identity element is (0, 0, 0, 0) and the inverse of an element
A comparison of group laws (1.4) and (2.2) shows that the Heisenberg group H is isomorphic to the subgroup
In most cases we will identify H andH through the above map. All formulae for the Heisenberg group needed in this paper will be obtained from this identification.
2.2.
Induced representations on the homogeneous space. The induced representations (in the sense of Mackey) is one of the pillars of the theory of representation [16, [21] [22] [23] 47] with strong connections to physics [7, [34] [35] [36] and further research potential [29, 30, 32] . We briefly outline the method aiming mainly to build representations of the group A.
Let G be a nilpotent Lie group and H be its closed subgroup. According to Kirillov [23] , unitary representations of G are induced from one-dimensional representations (characters) of its subgroups. Explicitly, for a character χ of a subgroup H ⊂ G we consider the space L χ (G) of functions F defined on the group G and have the (right) H-covariance property
where the bar sign indicates the complex conjugation. The crucial property of the space L χ (G) is that it is invariant under the left G-shifts
The restriction of G-shifts (2.5) to the space L χ (G) is called induced representation (by the character χ).
An equivalent realisation of the above induced representation conveniently defined on a smaller function space. Consider the natural projection p : G → G/H and its right inverse (section) s : G/H → G-different choices of this section lead to equivalent representations below. Any g ∈ G has a unique decomposition of the form g = s(ω)h, where ω = p(g) ∈ G/H and h ∈ H. Note that G/H is a left homogeneous space with the G-action defined in terms of p and s as follows:
where the map r : G → H is given through p and s:
Note that the map r gives the solution of the so-called master equation
in the form h(ω, g) = r(g −1 s(ω)). The image space of the lifting L χ satisfies (2.4) and is invariant under left shifts (2.5). We also define the pulling P : 
where g ∈ G, ω ∈ G/H, h ∈ H and r : G → H, s : G/H → G are maps defined above and · denotes the action (2.6) of G on G/H. Since χ is a unimodular multiplier and G/H posses a left invariant Haar measure, because G is nilpotent, formula (2.10) defines a unitary representation of the group G in the space L 2 (G/H), where L 2 (G/H) is the Lebesgue space of square-integrable functions on G/H ∼ R n (n is the dimension of G/H) with the inner product
where dx is the Lebesgue measure on R n . Now, we apply this induction procedure to the shear group A. A detailed consideration of this topic is worked out in [23, § 3.2] , which a reader may wish to consult.
(1) For H 0 be the centre Z(A) = {(0, 0, 0, x 4 ) ∈ A : x 4 ∈ R}, we have
Then:
Thus, for a character χ(0, 0, 0, x 4 ) = e 2πi 4x4 of the centre we obtain the following unitary representation of A in L 2 (R 3 ):
This representation is reducible and we will discuss its irreducible components below. A restriction of (2.11) to the Heisenberg groupH is a variation of the Fock-Segal-Bargmann representation. (2) For the maximal abelian subgroup
A generic character of the subgroup H 1 are parametrised by a triple of real constants ( 2 , 3 , 4 ) where 4 can be identified with Planck constant: 
This representation is irreducible since its restriction to the Heisenberg groupH coincides with the irreducible Schrödinger representation.
Derived representations and Lie derivatives.
For a representation ρ of a Lie group G, the derived representation dρ of the Lie algebra g is defined by:
The derived representations ofρ
(2.14)
For the unitary irreducible representation ρ 2 4 of A in L 2 (R) (2.12) we have:
Also, we define the Lie derivative (left invariant vector fields), which are computed through lifting
(A) to the space of functions F having the property
Lie derivative L X generated by an element X of the Lie algebra g is the derived right regular representation:
for any differentiable function F on G. For the shear group and functions satisfying (2.16) we find that:
A direct calculation shows that all operator sets (2.14), (2.15) and (2.18) represent the Lie algebra a of the shear group.
2.4.
The shear group, the Schrödinger group and symplectomorphisms. As was mentioned above, the Heisenberg group is a subgroup of the shear group. In its turn, the group A is isomorphic to the subgroup of the Schrödinger group S-the group of symmetries of the Schrödinger equation [20, 38] , the harmonic oscillator [39] , other parabolic equations [53] and paraxial beams [46] . S is also known as Jacobi group [7, § 8.5] due to its role in the theory of Jacobi theta functions. A study of those important topics is outside of scope of the present paper and we briefly recall a relevant part. The Schrödinger group is the semi- 
be the subgroup of SL 2 (R), it is easy to check that A is isomorphic to the subgroup H A N of S through the map:
where (x 1 , x 3 , x 4 ) ∈ H and n(x 2 ) :
The geometrical meaning of this transformation is shear transform with the angle tan −1 x 2 , see Fig. 1 :
Note, that this also describes a physical picture for a particle with coordinate x 3 and the constant velocity x 1 : after a period of time −x 2 the particle will still have the velocity x 1 but its new coordinate will be x 3 − x 2 x 1 . We shall refer to both geometric and physical interpretation of the shear transform in Sect. 4.2 in connection with the dynamic of the harmonic oscillator.
Another important group of symplectomorphisms-squeezing-are produced by
∈ SL 2 (R). These transformations act transitively on the set of minimal uncertainty states φ, such that ∆ φ Q · ∆ φ P = 2 -the minimal value admitted by the Heisenberg-Kennard uncertainity relation [15 A related origin of the shear group is the universal enveloping algebra H of h spanned by elements Q, P and I with [P, Q] = I. It is known that the Lie algebra of Schrödinger group can be identified with the subalgebra spanned by the elements {Q, P, I, Q 2 , P 2 ,
This algebra is known as quadratic algebra in quantum mechanics [17, § 2.2.4]. From the above discussion of the Schrödinger group, the identification
embeds the Lie algebra a into H. In particular, the identification X 2 → 1 2 Q 2 was used in physical literature to treat anharmonic oscillator with quartic potential [4, 19, 33] .
We shall note that consideration of A as a subgroup of the Schrödinger group or the universal enveloping algebra H has a limited scope since only representations ρ 
The induced wavelet transform and its image
We consider here the transformation which plays the crucial role in geometrisation of many concepts. If this transformation is reduced from the shear group to the Heisenberg group it coincides with the Fock-Segal-Bargmann transform.
3.1. Induced wavelet transform of the shear group. Let G be a Lie group with a left Haar measure dg and ρ a unitary irreducible representation UIR of the group G in a Hilbert space H. Then, we define the wavelet transform as follows Definition 3.1. [3, 28] For a fixed vector φ ∈ H, usually called a mother wavelet (or vacuum vector ), the wavelet transform, denoted W ρ φ , of a vector f ∈ H is given by:
[
Let a mother wavelet φ be a joint eigenvector of ρ(h) for all h in a subgroup H, that is 
This, in turn, indicates that the wavelet transform is entirely defined via its values indexed by points of X = G/H. This motivates the following definition of the wavelet transform on the homogeneous space X = G/H : Definition 3.2. For a group G, its subgroup H, a section s : G/H → G, UIR ρ of G in a Hilbert space H and a vacuum vector φ satisfying (3.1), we define the induced wavelet transform 
φ , whereρ is an induced representation from the character χ of the subgroup H.
In particular, (3.4) means that the image space L(G/H) of the induced wavelet transform is invariant underρ.
For the subgroup H being the centre Z = {(0, 0, 0, x 4 ) ∈ A : x 4 ∈ R} of A, the representation ρ 2 4 (2.12) and the character χ(0, 0, 0, x 4 ) = e 2πi 4x4 any function φ ∈ L 2 (R) satisfies the eigenvector property (3.1). Thus, for the respective homogeneous space A/Z ∼ R 3 and the section s : A/Z → A; s(x 1 , x 2 , x 3 ) = (x 1 , x 2 , x 3 , 0) the induced wavelet transform is:
The last integral is a composition of the following three unitary operators of L 2 (R 2 ):
(1) The change of variables
where
(3) and the partial inverse Fourier transform in the second variable x 3 ) and we obtain
The wavelet transform also preserves the Schwartz space, that is, if f, φ ∈ S(R)
. This is because S(R 2 ) is invariant under each operator (3.6)-(3.8).
Remark 3.5. It is known fact [9, § 4.5] that the wavelet transform on a nilpotent Lie group, cf. Definition 3.1, does not produce an L 2 -function on the entire group but may rather do on a certain homogeneous space. The leading example is the Heisenberg group when considering the homogeneous space H/Z. In the context of wavelet transform, two types of modified square-integrability are considered [9, § 4.5]: modulo the group's center and modulo the kernel of the representation. Neither is applicable to the shear group: the wavelet transform (3.5) does not define a square-integrable function on A/Z ∼ R 3 or a larger space A/kerρ . On the other hand, the representation ρ is square-integrable modulo the subgroup H = {(0, x 2 , 0, x 4 ) ∈ A : x 2 , x 4 ∈ R}. However, the theory of α-admissibility [3, § 8.4], which is supposed to work for such cases, reduces the consideration to the Heisenberg group since A/H ∼ H/Z. It shall be seen later that the action of (0, x 2 , 0, 0) ∈ H will be involved in important physical and geometrical aspects of the state of the harmonic oscillator and shall not be factored out. This develops the theory of wavelet transform with non-admissible mother wavelets [24, 26, 27] .
In the absence of square integrability (modulo the centre), we make the following Definition 3.6. For a fixed unit vector φ ∈ L 2 (R), let L φ (A/Z) denote the image space of the wavelet transform W φ (3.5) equipped with the family of inner products parametrised by
The respective norm is denoted by u x2 .
Remark 3.7. In physical applications the elements x 1 , x 2 and x 3 are physical quantities and shall have physical units, cf. the consideration in [25, 32] for the Heisenberg group and quantization problem in general. Let L denote the unit of length, M that of mass and T that of time. Then, x 1 has dimension T M L (reciprocal to momentum) and x 3 has dimension 1/L (reciprocal to position.) So, from (2.1) x 2 has dimension M T . Also, 2 , the dual to x 2 has reciprocal dimension to x 2 , that is, it has dimension
of action which is reciprocal to the dimension of the product x 1 x 3 . Dimensionality of 4 coincides with that of Planck constant. Thus the factor 4 in the measure 4 dx 1 dx 3 makes it dimensionless, which is a natural physical requirement. Consequently, the following formulae, e.g. (5.4) , avoid spurious square roots of the Planck constant.
It follows from Prop. 3.4 that u x2 = u x 2 for any x 2 , x 2 ∈ R and u ∈ L φ (A/Z). In the usual way [15, (1.42) ] the isometry from Prop. 3.4 implies the following orthogonality relation.
Corollary 3.9. Let φ ∈ L 2 (R) have unit norm, then the wavelet transform W φ is an isometry with respect to the inner product (3.9).
Proof. It is an immediate consequence of the previous corollary. Alternatively, for
as follows from the isometry W φ :
An inverse of the unitary operator W φ is given by its adjoint M φ (x 2 ) = W * φ with respect to the inner product (3.9) parametrised by x 2 :
More generally, for an analysing vector φ and a reconstructing vector ψ, for any f , g ∈ L 2 (R) the orthogonality condition (3.10) implies:
is a left inverse of W φ up to a factor. a parameter E > 0 be a mother wavelet, normalised with respect to the norm
dy (note that for φ E (y) to be dimensionless, E has to be of dimension M/T , this follows from the fact that y has dimension T /M L, thus for this reason we attach the factor 4 2 to the measure so the measure is dimensionless.) Then we have for φ q (y) (q > 0) 
We consider this representation restricted to the image space L φ (A/Z), unitarity of ρ 4 is easily seen. . Let G be a group and dg be a measure on G. Let ρ be a unitary representation of G, which can be extended by integration to a vector space V of functions or distributions on G. Let a mother wavelet φ ∈ H satisfy the equation
for a fixed distribution a(g) ∈ V . Then any wavelet transformṽ(g) = v, ρ(g)φ obeys the condition:
with R being the right regular representation of G. + ia dρ , (3.14)
where a and E some real constants. It is clear that, the function
is a generic solution and square integrability of φ requires that E 4 is strictly positive. Furthermore, it is sufficient for the purpose of this work to use the simpler mother wavelet corresponding to the value 1 a = 0:
Since the function φ(y) (3.15) is a null-solution of the operator (3.14) with a = 0, the image space L φ (A/Z) can be described through the respective derived right regular representation (Lie derivatives) (2.17). Specifically, by Corollary 3.12 and expression (2.18), any function f in L φ (A/Z) for φ (3.15) satisfies Cf = 0 for the partial differential operator produced from (3.14) with a = 0:
Due to the explicit similarity to the Heisenberg group case with the CauchyRiemann equation, we call (3.16) the analyticity condition for the wavelet transform. Indeed, it can be easily verified that
and V E is Fock-Segal-Bargmann type transform [15, 23, 28, 37] and M x2 is a multiplication operator by e −πi 4x2y 2 . Thus, by condition (3.16) we have A notable difference between the group A and the Heisenberg group is the presence of an additional second-order condition, which is satisfied by any function f ∈ L φ (A/Z) for any mother wavelet φ. Indeed, the specific structure of the representation (2.15) implies that any function φ satisfies the relation for the derived representation (dρ This will be called the structural condition because it is determined by the structure of the particular representation ρ 2 4 (2.12). Note, that (3.19) is a Schrödinger equation of a free particle with the time-like parameter x 2 . Thus, the structural condition is the quantised version of the classical dynamics (2.20) of a free particle represented by the shear transform, see the discussion of this after (2.20) .
Summing up, the physical characterisation of the L φ (A/Z) is as follows:
(1) The restriction of a function f ∈ L φ (A/Z) to the plane x 2 = 0 (a model of the phase space) coincides with the FSB image of the respective state, (2) The function f is a continuation from the plane x 2 = 0 to R 2 × R (the product of phase space and timeline) by free time-evolution of the quantum system. This physical interpretation once more explains the identity f x2 = f x 2 : the energy of a free state is constant in time.
Harmonic oscillator through reduction of order of a PDE
Here we systematically treat the harmonic oscillator with the method of reducing PDE order for geometrisation of the dynamics. First we use the Heisenberg group and find that geometrisation condition completely determines which mother wavelet needs to be used. The treatment of the shear group provides the wider opportunity: any minimal uncertainty state can be used for the wavelet transform with geometric dynamic in the result. At the end we provide eigenfunctions and respective ladder operators.
4.1.
Harmonic oscillator from the Heisenberg group. Here we use a simpler case of the Heisenberg group to illustrate the technique which will be used later. The fundamental importance of the harmonic oscillator stimulates exploration of different approaches. Analysis based on the pair of ladder operators elegantly produces the spectrum and the eigenvectors. However, this technique is essentially based on a particular structure of the Hamiltonian of harmonic oscillator expressed in terms of the Weyl Lie algebra. Thus, it loses its efficiency in other cases. In contrast, our method is applicable for a large family of examples since it has a more general nature.
The harmonic oscillator with constant mass m and frequency ω has the classic Hamiltonian
by H, acts on L(H/Z) parametrised by points (x 1 , x 3 ) and is given by
The time evolution of the harmonic oscillator is defined by the the Schrödiger equation for Hamiltonian H;
As was mentioned, the creation-annihilation pair produces spectral decomposition of H. Our aim is to describe dynamics of an arbitrary observable in geometric terms by lowering the order of the differential operator (4.1). Indeed, the structure of L(H/Z) enables to make a reduction to the order of equation (4.1) using the analyticity condition. For Gaussian φ(q) = e −πhEq
, is annihilated by the operator:
. From the analyticity condition (4.3) for wavelet transform, operator (A∂ 1 +iB∂ 3 +CI)(−iL X1 +EL X3 ) vanishes on any f ∈ L(H/Z) for any constants A, B and C. Thus, we can adjust the Hamiltonian (4.1) by adding such term
where A, B and C to be determined to eliminate the second-order derivatives iñ H. Thus it will be a first-order differential operator equal to H on L(H/Z). To achieve this we need to take A = i 2m , B = − i 2 ω, for E = mω. Note, that the value of E is uniquely defined and consequently the corresponding vacuum vector φ(q) = e −πhEq 2 is fixed. Furthermore, to obtain a geometric action ofH in the Schrödinger equation we need pure imaginary coefficients of the first-order derivatives inH. Thus, this produces C = −πihωx 1 , with the final result:
Note, that operators (4.1) and (4.4) are not equal in general but have the same restriction to the kernel of the auxiliary analytic conditions (4.3). Thus, we aim to find a solution to (4.2), withH (4.4) in place of H on the space of functions that satisfies the analyticity condition (4.3). Since the operator in (4.3) (for E = mω) is intertwined with the Cauchy-Riemann type operator by operator of multiplication by e −πhmωx 2 1 , the generic solution of (4.3) is
where f 1 (z) is an analytic function of one variable. Then, we use the method of characteristics to solve the first-order PDE (4.2) withH (4.4) and we obtain the solution (4.6) x 3 ) from (4.5). Therefore, (4.6) also satisfies (4.2) with the proper harmonic oscillator Hamiltonian (4.1). It is well known that this solution geometrically corresponds to a uniform rotation of the phase space.
Remark 4.1. Due to the method, which produces the first-order operator (4.4), formula (4.5) can also be obtained using the method of characteristics for a firstorder PDE.
4.2.
Harmonic oscillator from the shear group. Here we obtain an exact solution of the harmonic oscillator in the space L φ (A/Z). It is fulfilled by the reduction of the order of the corresponding differential operator in a manner illustrated on the Heisenberg group in Section 4.1. A new feature of this case is that we need to use both operators (3.16) and (3.19) simultaneously. The Weyl quantisation of the harmonic oscillator Hamiltonian
2 ) is given by:
for f ∈ L φ (A/Z). Although, the Hamiltonian seems a bit alienated in comparison with the Heisenberg group, cf. (2.14), we can still adjust it by using conditions (3.16) and (3.19) as follows:
To eliminate all second order derivatives one has to take
. A significant difference with the Heisenberg group case is that there is no particular restrictions for the parameter E. This allows to use functions e To make action of the first order operator geometric we make coefficients in front of the first-order derivatives ∂ 1 and ∂ 3 imaginary. For this we put K = πi 4 m x 1 (−E + 2ix 2 ). The final result is:
I . Thus, the Schrödinger equation for the harmonic oscillator
is equivalent to the first order linear PDE (4.10)
on the image space f ∈ L φ (A/Z). It can be solved by the following steps:
(1) We start by peeling the analytic operator (3.16) into a Cauchy-Riemann type operator. Indeed, the operator of multiplication
intertwines analytic operator (3.16) the Cauchy-Riemann type operator:
Thus, a generic solution of the analytic condition Cf (x 1 , x 2 , x 3 ) = 0 has the form:
where f 1 is an arbitrary function of two variables analytic in the first one. (2) Subsequently, the first order PDE (4.10) for a function f (x 1 , x 2 , x 3 ) (4.11) has, by the standard method of characteristics, the following general solution:
where f 1 is an arbitrary analytic function of two complex variables. This satisfies (4.10) with the reduced Hamiltonian (4.8) and (3.16 ), yet, it is not a solution to (4.9) with the original Hamiltonian (4.7). (3) In the final step we request that (4.12) satisfy the structural condition (3.19) .
This results in a heat-like equation in terms of f 1 :
The well-known fundamental solution of (4.13) is:
(4.14)
where g is the initial condition g(z) = f 1 (z, 0) and we use analytic extension from the real variable u to some neighbourhood of the origin in the complex plane-see discussion in Sect. 4.3. Thus, with f 1 as in (4.14), formula (4.12) yields a generic solution to (4.9) with Hamiltonian (4.7).
Remark 4.2. The solution (4.11) can also be obtained by a simple application of the method of characteristics as in the case of the Heisenberg group. Note further that the above initial value of f 1 , related to u = 0, corresponds to x 2 = 0 and E = mω. Thus, it indicates that this general solution is obtained from the unsqueezed states of Fock-Segal-Bargmann picture, that is, the case related to the Heisenberg group.
4.3.
Geometrical, analytic and physical meanings of new solution. Analysing the new solution (4.12) we immediately note that it is converted by the substitution x 2 = 0 (no shear) and E = mω (predefined non-squeezing for the Heisenberg group) into the solution (4.6). Thus, it is interesting to analyse the meaning of formula (4.12) for other values. This can be deconstructed as follows.
The first factor, shared by any solution, is responsible for (1) the adding value Let a function f 1 from (4.14) have an analytic extension from the real values of u into a (possibly punctured) neighbourhood of the origin of a radius R in the complex plane. An example of functions admitting such an extension are the eigenfunctions of the harmonic oscillator (5.5) considered in the next section. More precisely, in order for the solution (4.12) to be well-defined for all values of t one needs to satisfy the inequality
It implies the allowed range of E around the special value mω:
For every such E, the respective allowed range of x 2 around 0 can be similarly deduced from the required inequality (4.16), see the arc drawn by thick pen on Fig. 2 . The existence of bounds (4.17) for possible squeezing parameter E shall be expected from the physical consideration. The integral formula (4.14) produces for a real iu a solution of the irreversible heat-diffusion equation for u. However, its analytic extension into the complex plane will include also solutions of timereversible Schrödinger equation for pure imaginary iu. Since the rotation of the second variable in (4.12) requires all those values with fixed |u|, only a sufficiently small neighbourhood (depending on the "niceness" of an initial value f 1 (z, 0)) is allowed. Also note, that a rotation of a squeezed state in the phase space breaks the minimal uncertainty condition at certain times, however the state periodically "re-focus" back to the initial minimal uncertainty shape [51] . If a solution f 1 (z, u), u ∈ R of (4.14) do not permit an analytic expansion into a neighbourhood of the origin, then two analytic extensions f ± 1 (z, u), for u > 0 and u < 0 respectively, shall exist. Then, the dynamics in (4.12) will experience two distinct jumps for all values of t such that
An analysis of this case and its physical interpretation is beyond the scope of the present paper.
Ladder operators on the shear group
For determining a complete set of eigenvectors of Hamiltonian (4.7) we consider ladder operators. Let
Using the derived representation formulae (2.14) we find:
One can immediately verify the commutator
The Hamiltonian (4.7) is expressed in terms of the ladder operators:
Thus the following commutators hold:
Moreover, creation and annihilation operators are adjoint of each other:
where '*' indicates the adjoint of an operator in terms of the inner product defined by (3.9). Then, from (5.2) and (5.3) we see that H * = H. Now, for the function (see (3.12) for q = mω) (5. It is easy to show (by induction in which we use (5.1)) that
Hence, for the Hamiltonian H of the harmonic oscillator (4.7) we have HΦ j = 2π 4 (j + Thus, for an orthonormal system we put
where orthogonality ofΦ j is due to H being self-adjoint. Furthermore, it can be easily verified that both operators C (3.16) and S (3.19) commute with the creation operator L + and thus CΦ j = SΦ j = 0, j = 0, 1, 2, . . . .
Note, that singularity of eigenfunction (5.5) at u = 0 is removable due to a cancellation between the first power factor and the Hermite polynomial given by (5.6). Moreover, the eigenfunction (5.5) has an analytic extension in u to the whole complex plane, thus does not have any restriction on the squeezing parameter E from the inequality (4.16).
The eigenfunction Φ j (z, u) (5.5) at u = 0 reduces to the power z j of the variable z, as can be expected from the connection to the FSB space and the Heisenberg group. The appearance of the Hermite polynomials in Φ j (z, u) (5.5) may be a bit confusing since the Hermite functions represent eigenvectors in the Schrödinger representation over L 2 (R). However, if we substitute the dynamic (4.12): z t = x 3 − iEx 1 ix 2 + E + mω e 2πiωt , u t = mω − (ix 2 + E) mω + (ix 2 + E) e 4πiωt into the eigenfunction (5.5) we get Φ j (z t , u t ) = (−iπ 4 mω u t ) j 2 H j 2πi 4 mω u z Φ 0 (z t , u t ) .
Thus, the argument of Hermite function "stays still" while the time parameter is present only in the power factor and the vacuum (5.7). This is completely inline with the FSB space situation.
Discussion and conclusions
We presented a method to obtain a geometric solution of Schrödinger equation expressed through coordinate transformation. The method relays on coherent state transform based on group representations [3, Ch. 7; 41] . It is shown that properties of the solution depends on a group and its representation used in the transform. The comparison of the Heisenberg and shear A groups cases shows that a larger group A creates the image space with a bigger number of auxiliary conditions. These conditions can be used to reduce the order of a partial differential equation with bigger flexibility, leading to a richer set of geometric solutions. We have seen that the fiducial vector for the Heisenberg group is uniquely defined while for the larger shear group different minimal uncertainty states still lead to a geometric solution. There are some natural bounds (4.17) of a possible squeeze parameter, they are determined by the degree of singularity of the solution of the equation (4.13). It would be interesting to find a physical interpretation of jumps for values (4.18) for states which do not have an analytic continuation into a neighbourhood of the origin.
The present work also provides a further example when the coherent state transform is meaningful and useful beyond the traditional setup of square-integrable representations [3, Ch. 8] and admissible fiducial vectors, cf. [24, 26, 27] .
